Information Statistics Il
Lecture 2. Basic operations of mathematical morphology

Basic idea of mathematical morphology
Describing image transformations by combinations of a few basic operations
Main targets: shape-oriented operations
translation-invariant operations

Minkowski set operations
A B sets (of vectors)
a, b vectors (which indicate the interior of image obejcts)
A, ={atb|a A} translation of Abyb

AS={alalA complementof A

AOB={atb|aOdA bOB}=UA,

- Minkowski set addition of A andB

ABB={x|x-bOADbOB} =n A, Minkowski set subtraction of B from A

Proof for the subtraction:
0) xOAeBO x—bOAforalbOB, andx—bOA O xOA,.

OxOAeBO x—bOAforadlbOBO xOA,foralbOBO XDbQBAb'

0) xO N A, 0 xOA,foral bOB, andx0 A, 0 x-bOA,

Oxd nA,0 xOA,foralbdBO x—bOAforalbOBO xOABB,

C
There exists a relationsMig®B = (A“0B) ", i.e. ADB andA©B aredual (proof in Lecture

4.

Reflection and Minkowski set operations
Erosion and dilation

B*={-b|b OB} reflection of B
ABB={x| (BS)X O A} Minkowski set subtraction
Proof:

BS={-b|b0B} O (B%), ={-b+x|b0B} ={x—b|bB}
From the definition of Minkowski set subtractidgh®B ={x|x—-bOA,b0B} .
nAeB={x|(B,0A .
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AGBS=erWBAJO={XIBXDA} erosionof A by B
ADB®=[A dilation of Aby B

Opening and closing
ABE(AG BS)DB Openingof Aby B

AB = (A 0 BS)eB Closing of A by B

C
Opening and closing are also dual: AB= [(AC) B} .

In the above discussion, both the s&&ndB are equivalent. However, in many casks,
indicates a target image aBdndicates a small figure that acts the role of filter window. In
this caseB is called astructuring element.

Table 1. Comparison of Minkowski subtraction / addition and erosion / dilation.

Minkowski subtraction| erosion Minkowski addition dilation
A©B AeB® ATB ADBS
A moving alongB A moving alongB® A moving alongB A moving alongB®
BSmoving alongA B moving alongA B moving alongA B® moving alongA
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Fig. 1. Minkovski set subtraction and erosion.
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Fig. 2. Opening is not exactly "erosion followed by dilation.”

Why the structuring element is reflected?

Minkovski set subtraction: Intersection of lociAmoving along the vectors B
Erosion: Loci of the origin of translatdithat included byA

Ag=0{B,|B, A} Description of opening (Proof in Lecture 4)

Opening removes portions smaller than the structuring element and preserves other rough
shape of the original object. This property is guaranteed if they are defined using a reflected
pair of the structuring elements.

“Increasing" and "idempotent"

An operation igncreasingif the inclusion of two sets are preserved by the operation. Both
opening and closing are increasing, AéJX 0 AgliXgand A X [ APOX® This is an
appropriate property for noise-removing filters.

An operation isdempotentif the output of the operation is not modified by further
applications of the same operation. Both opening and closing are idempotent, i.e.

(Ag) = Agand (AB)”= A8 .

(Proofs in Lecture 4)
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