2006 Autumn semester Pattern Information Processing

Topic 4. Pattern recognition

Session 11. (2) Neural networks and learning algorithm

Neuron and neural network

The research on artificial neural networks started
from the modeling of biological neuron. From the
physiological point of view, a typical model in the
following was proposed:

1. A neuron accepts electrical and/or chemical
stimuli from other neurons.

2. If the total amount of accepted stimuli ex-
ceeds a threshold, the neuron is excited and
distributes stimuli to connected neurons.

This neuron model is schematically illustrated in
Fig. 1.
th neuron, is either 1 (excited) or O (not excited),

Let us assume that x;, the status of the i-

and that the amount of stimulus distributed to each
of connected neurons is unity. A weight coefficient is
assigned to the interconnection between neurons, and
the stimulus from a connected neuron is magnified
by the corresponding weight coefficient. Formally,
Let x; be the status of the j-th neuron, and w;; be
the weight coefficient on the interconnection between
the j-th neuron and the i-th neuron. The amount of
the stimulus accepted by the i-th neuron from the j-
th neuron is wj;x;, and the i-th neuron is excited if
the total amount of accepted stimuli, ;;w;ix;, ex-
ceeds a certain threshold. Consequently, Let T be the
threshold and f be the threshold function defined as

follows:
1 x>T
= = 1
f@) { 0 x<T. M

The i—th neuron is excited, i. e. x; =
f(Zj wjix;) = 1; x; = 0 otherwise.

The information processing by the neural network
is performed by the interconnection of many neurons.
The input information is given by the initial status of
the neurons, the status of each neuron is modified by
interchanging the stimuli, and the output information
is presented by the final status of the neurons.
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The interconnection topology of neurons is briefly
categorized into layered or fully-interconnected ones.
The layered network, as illustrated in Fig. 2(a), was
proposed as a model of information processing by
human optic nerves. A set of information, for ex-
ample a visual pattern, is recorded by the whole neu-
rons on the first layer, and it is fed from one layer to
the next layer as stimuli flowing along one direction.
The final status of the final layer after the arrival of
the stimuli will be the output of the network. The
layered network is mainly used for image processing
and pattern recognition.

On the other hand, the fully-connected network, as
illustrated in Fig. 2(b), has no layers and each neuron
is connected to all the other neurons. The intercon-
nections of this kind of network are “programed” for
each problem, and the status is modified from the ini-
tial one by interchanging stimuli. The output of the
network, or the solution of the problem, is given by
the status of neurons after the interchanging opera-
tions converge, i. €. no more interchangings occur.
The fully-connected network is mainly used for the
optimum location problem and the associative mem-
ory.

The layered network, which is closely related to
the image processing, is solely explained in this ses-

sion.

Perceptron learning and its limitation

Perceptron is one of the simplest layered neural
network proposed at the early stage of neural network
research. The perceptron has three layers, which are
input, intermediate, and output ones, as shown in Fig.
3. The perceptron was proposed for pattern recogni-
tion. If the pattern “A” is put into the input layer, the
neuron corresponding to the character “A” is excited
in the output layer. If “B” is input, the output “B”
neuron is excited, etc.
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Fig. 1: neuron model.

The main characteristic of layered networks is
learning ability. The learning tunes so as to output
the desired values without any information except ex-
amples of input-output pair. The learning of the per-
ceptron is carried out only between the intermediate
layer and the output layer, explained in the follow-
ings. It is assumed that the output layer contains only
one neuron in the output layer, and its status is de-

O as shown in Fig. 4.

noted as x
1. Some examples of ideal input-output pair are
prepared. An ideal input-output pair is, for ex-
ample, as the input pattern “A” causes the sta-

tus “1” of the output neuron. In each input-
output pair, the status of the j—th neuron in the

intermediate layer is denoted as x? .

2. Initial weight coefficients between the interme-
diate and output layers, denoted WJQ, are set, for
example randomly.

3. An example input is given to the input layer,

and the output x? is examined.

. Let the ideal output at the output layer be y©. If

the current output x° = 0 while the ideal out-
put y© = 1,i. e. x¢ —y? = —1, it is indicated
that 3’ ; wjoxf , the sum of stimuli to the neu-
ron in the output layer, is too small. Thus the
weight coeflicients of the connections to the
neurons whose status x7 is 1 in the interme-
diate layer are increased. If the current output
x? = 1 while the ideal output y© = 0, i. e.
x9 —y9 = +1, it is indicated that j w?x? is

too large. Thus the weight coefficients of the
H
J
1 in the intermediate layer are decreased. The

connections to the neurons whose status x’ is
above procedure is formulated as updating the
weight coefficient of the connection between
the j-th neuron in the intermediate layer and

Fig. 2: Topologies of neural networks. (a) layered network. (b) fully-interconnected network.
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Fig. 4: Learning of the weight coefficients
between two layers.

Fig. 3: Layered neural network such as perceptron.

the output neuron to w;.o, as follows:

0 _ 0 0 _ O\, H
w; —wj—(x -y )xj. 2)
5. Steps 3 and 4 are repeated until the ideal output

is obtained.

The method is called the perceptron learning. This
method is simple but has a problem that the algo-
rithm does not always converge and ij walks on a
cycle of possible values forever. This is because the
amount of modification from WJQ to w}o is too large.
To solve this problem, the threshold function f is re-
placed with a continuous function, for example the
sigmoid function as follows:

1

F O = G = T))

3)

as shown in Fig. 5. The sigmoid function reduces
to the threshold function if the parameter Afoco. The
statuses of neurons, xf.l and x©, are considered con-
tinuous, and Eq. (2) is modified by introducing a
small positive number e, called the learning coeffi-
cient, as follows:

w;-o = WJQ +e(y? - xo)xf . “4)
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This gradual learning method is called 6-rule.

The status of the output neuron of the perceptron
is determined as follows:

x0 = f(z woxll). 5)
7

This operation indicates that the status of the out-
put neuron is determined whether the weighted sum
of the status of neurons in the intermediate layer is
larger than the threshold value T or not. Let us con-
sider the simplest case that the intermediate layer
contains only two neurons x/ and x¥, and the sta-
tus of these neurons are indicated on the coordinate
plane, as shown in Fig. 6. The calculation in Eq. (5)
is expressed in the coordinate plane in Fig. 7(a) as
dividing the coordinate plane into two domains by a
straight line

0 H 0. H
wixy +wyx, =T, (6)

and determines the output status x? by the domain
where the combination of values of xfl and xf are
located.
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Fig. 5: Sigmoid function.

In case of the operation “x’ =Exclusive OR
(XOR) of xf and xg ,” however, the domain where
12 = 1 and the domain where x = 0 cannot be sepa-
rated by a straight line. Such operations is called lin-
early nonseparable. Thus the learning of the weight
coeflicients of the connections between the interme-
diate and output layers, explained above, cannot ob-
tain XOR of x{i and xgl ! Since the interconnec-
tions between the input and intermediate layers are
not modified, the desired pattern recognition is not
always achieved by the learning.

This is a limitation of the perceptron. This was
pointed out by Minsky and Papert, and they also
stated that there were many problem that could not
be solved by the perceptron under the practical re-
strictions on the construction of the input and in-
termediate layers, and that the learning of the in-
terconnections between the intermediate and output
layers could not achieve practically meaningful is-
sues. Their results had very big impact, and re-
searchers’ interests in neural networks were sud-
denly lost. To overcome this limitation, a learning
method not only for the interconnections between the
intermediate and output layers but also for the inter-
connections of overall network must be developed.
It is the error back propagation algorithm, which is

explained in the next section.

x,H

Fig. 6: Status of neuron. The pair (xfl , xgl ) is on one of
four dots.

Error back propagation algorithm

In the cases of the perceptron learning and the ¢-
rule in the previous section, the ideal input-output
pairs are given as the status of the input and output
layers only. Thus the difference (or error) between
the current and ideal outputs, minimized by the learn-
ing, is obtained only for the output layer. The percep-
tron learning and the 6-rule modify the weight coeffi-
cients between the output layer and the adjacent layer
(the (n — 1)th layer if the network has n layers) using
this error.

To modify the weight coefficients between the

(n — Dth and (n — 2)th layers by the similar method,
it is necessary to determine the error at each neuron
in the (n — 1)th layer. To achieve this, the error at a
neuron on the output layer must be assigned to each
neuron on the (n — 1)th layer. The error at a neuron
of the output layer is assigned based on the following
idea:
[1] The larger the weight coefficient between a neu-
ron on the (n — 1)th layer and the output neuron is,
the larger the amount of error should be assigned to
this neuron, since the modification at this neuron be-
comes more effective at the output layer.

[2] The status of each neuron on the (n — 1)th layer is
determined by the weighted sum of the stimuli from
the (n — 2)th layer transferred by a nonlinear function
like the sigmoid function. The larger the modification
ratio of the status of a neuron subject to the modifi-

The perceptron learning does not converge if the ideal input-output pairs are not linearly separable. The d-rule converges to the
weight coefficients where the square error from the ideal output is the minimum.
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Fig. 7: Linear separability. (a) the white dot and the black dots are linearly separable. (b) Exclusive OR. The

white dots and the black dots are not linearly separable.
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Fig. 8: Error back propagation method.

cation of the sum of stimuli is, the larger the amount
of error should be assigned to this neuron, since the
modification at this neuron becomes more effective at
the output layer. In other words, the more “sensitive”
a neuron is, the more error should be assigned.

These ideas are formulated generally for the k-th

The idea [1] mentioned above indicates that the
error assignment of (5’]‘. from the /-th neuron on the

. . k (k+1)
(k + 1)th layer is proportional to Wi

. Since the
sum of stimuli from the (k — 1)th layer to the j-th
neuron on the k-th layer, denoted S Ij‘ , is as follows:

k= wih it (7)

J
i

the idea [2] indicates that the error assignment of 5’;
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and (k + 1)th layers as follows, as illustrated in Fig.
8. Let the error assigned to the j-th neuron on the k-th
layer be 6’;, and the error assigned to the /-th neuron
on the (k + 1)th layer be 5’1‘”. Let the weight coef-
ficient between the j-th neuron on the k-th layer and
the /-th neuron on the (k + 1)th layer be w’J‘. Ek”). Let
the status of the j-th neuron on the k-th layer be x’]‘..

from the /-th neuron on the (k + 1)th layer is also pro-
portional to a’x’}f /dS ’J‘ Since these errors are assigned
from the neurons on the (k+ 1)th layer and these sum
is 6’;, we get

k kk+1dx];' k+1
sh= 1wk o |or (8)
j

l

Let f() be a nonlinear function, for example the sig-
moid function, used here instead of the threshold
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function. Since

2 = f(s%), ©)
we get

dx}; roqk

R (10)

and Eq. (8) is rewritten to

o = 2 Mrtreh)er

1
lZ(w’jf*‘éﬁ‘“)]f’(S’;). (11
!

Equation (11) determines the error amount assigned
to the j-th neuron on the k-th layer from the error at
each neuron on the k-th layer. In case k = n, i. e. at
the output layer, this equation is not applicable since
the (k + 1)th layer does not exist. However,

& = =y f'SH, (12)

where y; is the ideal output at the /-th neuron on the
output layer, since the error at the output layer is the
difference between the ideal and current outputs.

Equations (11) and (12) determine the error as-
signed to every neuron on every layer. Applying the

o-rule in Eq. (4) to these errors, the updated weight

r k k+1

coefficient w iy is obtained as follows:

= w]]‘-_1 5‘ - Edll‘xlj‘-_l (13)
The above method of learning for multilayer neural
networks is called the error back propagation (EBP)
method, since the errors are propagated from the out-
put layer back to the previous layers.

The EBP method in Eq. (13) derived above from
the ideas [1] and [2] has been proved to modify the
weight coefficients along the direction of the largest
error reduction at each modification. It is called that
the modification is the steepest descent. The proof
is on the appendix, and the meaning of the steepest
descent is explained here.

The sum of square errors is uniquely determined
for a set of the weight coefficients. If we consider the
coordinate space each of whose bases is each weight
coefficient, we can consider a “field” whose value
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at each point corresponds to the sum of square er-
rors. The modification of weight coefficients is mov-
ing along a pass in this space. The steepest descent
means moving from the current point along the direc-
tion where the reduction of the sum is the largest.

We now consider what this direction is. Let x be a
point in the space, and f(x) be a function giving the
sum of square errors in our problem. Let x(s) be a
point on a pass in this space with a parameter s.

The gradient vector at x(s) on the pass is expressed

as 4
x
b=—. 14
s (14)
Differentiating f along the direction of the pass, we
get
of of dx
Z 2. 1
ds ~ax ds D e (15

where gradf is the vector derived by the differentia-
tion of f(x) along each coordinate. For example, if x
is three-dimensional and denoted x = (x,y, z), gradf
is the vector

(5o 3 70)- (16)

Equation (15) indicates that the largest reduction of
f is achieved if b, the gradient on the pass, is parallel
to gradf but in the opposite direction. Consequently,
the direction of the steepest descent of f is —gradf.

Note that the direction of the steepest descent is
the direction where the reduction of f is currently the
largest, but not the direction to the minimum of f.

Appendix. Proof that the EBP method achives the
steepest descent

We define the sum of square errors between the
current output, or the status of neurons on the n-
th layer, and the ideal output for an example input-
output pair as follows:

1
E=7 zlkx'; -y (A1)

It can be considered that E is a function of the weight

coefficients. By differentiating E with respect to the

k-1 k

weight coeflicient Wi, we find

0F _JE 95 (A2)
owk Tk oSk gkt k

l
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and it follows from Eq. (7) in the main text that

Sk g
L= > T i =T (A3)
w .
k—1 k k-1 k l
awj ] awj i ! ! /
By setting
15) )
ok=—, A4

the substitution of Eqgs. (A3) and (A4) into Eq. (A2)

yields
OFE
— =& (A5)
k-1 k 17
ow (N
Comparing this equation with Eq. (13), 1. e.

rk=1k _  k=1k ok k-1
W =W e x;

which is the equation expressing how to modify the
(13) modi-
fies the weight coefficients along the direction of
OE /awk ! k , 1. e. —gradE, and that the modification
by Eq. (13) achieves the steepest descent of E.

weight coefficients, we find that Eq.

It is shown in the following that ¢ in Eq. (A4) is
equivalent to ¢ derived from the ideas [1] and [2] in
the main text. In the case of k # n, we get by rewrit-
ing Eq. (A4)

OE OE  OSk! ox
k=z el , _ic (A6)
90S* skl oxk oSk
J l l J J
It follows from Eq. (10) in the main text,
dx o
= A7
y Sk = 1'(s%), (A7)
and by replacing the suffices of Eq. (7), we get
S;c+l _ Zwic ;<+1xi_<, (A8)
i
then we get
oS k+1
! k k+1
=wii. A9

The substitution of Eqs. (A7) and (A9) into (A6)

yields

OE OE Wk kel k
- = ki sk @Al0)
90" Z,: ok "
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It follows from the definition of ¢ in Eq. (A4) that

OE OE
ok = ==, skl = . (Al1)
A oS!

The substitution of Eq. (A11) into Eq. (A10) yields

6/]{ — Zé‘/;+l . k k+l f (S )
l

[Z(Wk k+16k+1 ]f,(sl;)’ (A12)

and it is identical to the definition of ¢ in the main
text.

In the case of k = n, we get from Eq. (A4)

0E _OE dx|

asy — ax! dST

(A13)

From Eq. (Al), the definition of the sum of square
errors, we get

JE o (1w,
i @{EZIZ(X’_M)}

!
— (Al4)

The substitution of Eq. (A14) into Eq. (A13) yields

OE ; dx}
=(x; —yn)- . AlS
a5 (g =) a5 (AL5)
From the definition of ¢ in Eq. (A4) we get
OE
0 = —, (A16)
oSy
and it follows from Eq. (S11app07) that
I’l
= 1S (AL7)

dS"

and the substitution of Eqs. (A16) and (A17) into Eq.
(A15) yields
&) = (x] =y f (S)), (A18)

which is identical to the definition of ¢ by Eq. (12) in
the main text.
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